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1. INTRODUCTION AND PRELIMINARIES 
The famous Knaster-Kuratowski-Mazurkiewicz Theorem [lo] (KKM 
theorem, for short) was first generalized to the infinite dimensional cases by 
Ky Fan [63, and since then this theorem has become an importantly 
theoretical foundation of the KKM technique in dealing with nonlinear 
problems. Recently, Horvath [9 3 generalized the KKM theorem by 
replacing convexity assumptions with the merely topological property, i.e., 
contractibility. In [4] the author introduced the concept of generalized 
KKM mapping and obtained a generalization of F-KKM theorem in 
Hausdorff topological vector space. 
The purpose of this paper is to establish a generalized KKM theorem in 
Horvatb’s abstract setting, so as to unify and strengthen the corresponding 
results mentioned above and to extend by Fan’s matching theorems. As 
*This paper was done while the authors were visiting the Institute of Mathematics 
Academia Sinica. 
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applications of these results we establish a general version of minimax 
inequalities and obtain some coincidence theorems with succinct summary. 
DEFINITION 1 [ 11. An H-space is a pair (X, {r,., } ), where X is a 
topological space, and (r, > is a given family of nonempty contractible 
subsets of X, indexed by the finite subsets of X such that A c A’ implies 
r,cr,.. 
Let (X, ( f A } ) be an H-space. A subset D c X is called H-convex (or 
weakly H-convex) relative to subset Cc X, if for each finite subset A c C, 
it follows rA c D (or Ta n D is nonempty and contractible). When C = D, 
then D is called H-convex (or weakly H-convex) briefly. 
A subset Kc X is called H-compact, if for every finite subset A c X, there 
exists a compact weakly H-convex set D c X such that Ku A c D. 
A subset Mc X is called compactly closed (compactly open), if M is 
closed (open) relative to every compact subset of X. 
Remark 1. [ 11. Hausdorff topological vector space, convex space 
[ 143, contractible space, and pseudo-convex space [S] are all the special 
cases of H-space. 
LEMMA 1 [9]. Let (X, {rA}) be an H-space. Let x,, x2, . . . . x, be any n 
points of X (not necessarily distinct). Then 
( 1) For a standard (n - 1 )-simplex e, e2 . . e,, there exists a con- 
tinuous mapping f: e, e2 . . . e, + X, such that 
where {i,, i,, . . . . ik} is any nonempty subset of { 1, 2, . . . . n}. 
(2) Let M,, M,, . . . . M, be n compactly closed subsets of X. If for any 
{i,, i,, . . . . ik} t { 1, 2, . . . . n}, such that 
LEMMA 2. Let (X, {r, } ) be an H-space and let M, , M,, . . . . M, be n 
compactly closed subsets of X such that 
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Then for any n points x,, x2, .,., x, (not necessarily distinct) of X, there 
exists a subset (i,, i,, . . . . ik} c (1,2, . . . . n} such that 
k 
n (7 Mi,#IZI. 
j=l 
Proof: Consider an (n - 1)-dimensional standard simplex e, e2 . . . e, of 
an Euclidian space R” and the continuous mapping f: ele2.. . e, --$ X as 
shown in Lemma 1. For any given u E el e2 . . . e,, letting 
Z(u)= (i: f(U)EMi}, S(u)=co(ei: iEZ(z4)}, 
it is obvious that Z(U) # a, and so S(U) # 0. Since Ui4 r(uj Mi is compactly 
closed. 
U= ele2 ..-e,\f-’ 
( ) 
IJ M, 
iCI(u) 
is an open neighborhood of u in e, e2 . . . e,. If U’ E U, then Z(U’) c Z(U), and 
so S( u’) c S( 2.4). Consequently, S: e, e, . . . e, 3 e, e2 . . . e, is an upper semi- 
continuous mapping with nonempty compact convex values. Therefore by 
the Kakutani fixed point theorem there exists a point u,, E e, e2 . . . e, such 
that 
uoES(uo)=co(ei: iEZ(qJ}. 
If we take xO=f(uO), then x~EZ’~,,:~~,(~~)~ and xoeMi, ViEI( Hence 
we have 
&,: iEl(w)j n n Mi # Da 
iE I(uo) 
This completes the proof. 
2. GENERALIZED KKM THEOREM 
DEFINITION 2. Let X be a nonempty set, ( Y, (Z’, } ) an H-space, and 
F: X-t 2’ a set-valued mapping. If for any finite set {xi, . . . . x,} c X, 
correspondently, there exists a finite set ( y,, . . . . y,} c Y such that for any 
subset {Yii, .-, Yik} c (~1, -., yn} (1 Gkdn), 
then F is called a generalized KKM mapping. 
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Remark. Definition 2 extends the same concept of generalized KKM 
mapping in [4] to the case of H-space, and it contains H-KKM mapping 
[ 1 ] as its special case. 
The following theorem not only shows the basic properties of this kind 
of mapping but also gives some generalizations of I?-KKM theorem [6], 
Kim [ 11, Theorem 21, and Horvath [9, Theorem 1 and Corollary 11. 
THEOREM 1. Let X be a nonempty subset, (Y, (rA}) an H-space, and 
F: X + 2 ’ a generalized KKM mapping satisfying one of the following condi- 
tions: 
(i) For each x E X, F(x) is compactly closed in Y; 
(ii) For each x E X, F(x) is compactly open in Y. 
Then the family of (F( x : x E X} of sets has the finite intersection property. ) 
Moreover, if we add the following condition to condition (i), 
there exists an X,,E X such that F(x,) is a compact set, 
then n..,F(x)Z0. 
Proof. (i) For any finite subset (x,, . . . . x,} c X, since F: X -+ 2’ is a 
generalized KKM mapping, there exists a finite subset { yl, . . . . y,> c Y 
such that for any subset { yi,, . . . . yik} = {yl, . . . . yn} (1 dkdn) we have 
r t.v,,, .. . y,,) = ij F(x,). 
j=l 
Then by Lemma 1, we have n;=, F(xi) # 0. This means that {F(x): x E X} 
has the finite intersection property. 
Moreover, if F(x,) is a compact subset, then {F(x) n F(x,): x E X> is a 
family of compact sets with the finite intersection property. By the property 
of compact set it follows that 
x?, (J’(x) n WON z 0, i.e., n F(X) z 0. 
YSX 
(ii) If (F(x): x E X} has no finite intersection property, then there 
exists a finite subset (x1, . . . . x,} c X such that 
f) F(x,) = 0. 
i=l 
Let G(x) = Y\&‘(x), then G(x,), . . . . G(x,) are compactly closed subsets in Y, 
and 
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By the generalized KKM property of F, for the (x1, . . . . x,} there exists 
lY 1, -**, y,} c Y such that for any subset { yi,, . . . . y,,} c (yl, . . . . yn} 
(1 <k<n) we have 
r {Y,,. . . ytkj = ; 4x,) = Y\ 6 G(xi,). 
j=I j=l 
By Lemma 2, for ( y,, ,.., y,} c Y, there exists ( yi,, . . . . y,,> c ( yl, . . . . y,> 
such that 
%,, . . . . y,,l n 6 G(xJ Z 0, 
j=l 
a contradiction. This completes the proof. 
It should be pointed out that only under condition (i) or (ii) it can not 
ensure that the family {F(x): x E X} of sets has nonempty intersection. This 
can be seen from the following 
EXAMPLE. Let X= Y= R (the real line), r, = co A, F,(x) = 
(HER: y>lxj), F,(x)=(~ER: y>lxl}. It is easy to verify that 
F,, F,: R + 2R both are generalized KKM mappings and F, is closed- 
valued and F, is open-valued, but n,, R Fj(x) = 0 (i = 1,2). 
In the sequel, let V(X, Y) be the set of all continuous functions from X 
into Y. The following theorems are all the useful consequences of 
Theorem 1. 
THEOREM 2, Let D be a nonempty subset of a compact H-space 
(X, {r, > ) and Y a topological space. Suppose that G: D + 2’ satisfies the 
foIlowing conditions: 
(i) For every x E D, G(x) is compactly open in Y; 
(ii) G(D)= Y. 
Then for any s E W(X, Y) there exists a nonempty finite set 
{x:, . . . . xz} c D such that for any {x,, . . . . x,) c X there exist some subset 
ixi,, e.7 xik) c ix13 -7 x,) and an x0 E r( x,,, ,,,, X,kj satisfying the condition 
sh,)~ ; (3~;). 
j=l 
Proof: Let F(x) = SCI( Y\G(x)). Suppose that the conclusion is false. 
Then for any finite set {xi, . . . . x,} c D, there exists {ql, . . . . q,} c X such 
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that for any subset (vi,, . . . . q,,} c (a,, . . . . q,} 
holds: 
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(1 < k < n) the following 
i.e., 
This implies that F: D -+ 2x is a generalized KKM mapping with compact 
values. By Theorem 1 we have 
n F(x)= n s-‘(Y\G(x)) # B. 
x E D x E D 
Therefore n,, D (Y\G(x)) = Y\G(D) # 0. Th is contradicts condition (ii). 
This completes the proof. 
COROLLARY 1. Let D be a nonempty subset of an H-space (X, (r, } ), Y 
a topological space and G: D --, 2’ satisfies the following conditions: 
(i) For every XE D, G(x) is compactly open in Y; 
(ii) G(D) = Y; 
(iii) There exist an H-compact set L c X and a compact set KC Y 
such that Y\G(L n D) c K. 
Then for any SEV(X, Y) there exist a nonempty j&tite subset 
ix I, ..., x,}cD andan x,~f ix,, _.., xni such that st.%) E fY= I Gbd. 
Proof: Since Y\G(L n D) is a closed subset of the compact set K, 
Y\G(L n D) = G(D)\G(L n D) = u G(x). 
.xeD?L 
Hence there exists a finite subset 2 c D\L such that 
Y\G(LnD)c U G(x). 
red 
Let D, = (L n D) u A”, then G(D,) = Y. It follows from the H-compactness 
of L that there exists a compact weakly H-convex set X, 2 D, . Hence for 
the compact H-space (X,, fFAn xi n X, )) and the mapping G: D, -+ 2’ 
using Theorem 2, the conclusion of Corollary 1 can be obtained 
immediately. 
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Remark 2. Theorem 2 and Corollary 1 extend the matching theorem 
for open covering of [15] to the case of H-space. 
THEOREM 3. Let (X, jrA}) b e an H-space, D a nonempty subset of X, 
and Y a topological space. Suppose that F: D -+ 2’ and s E g(X, Y) satisfy 
the following conditions: 
(i) for each weakly H-convex subset x’ c X, if D n X’# 0, then the 
mapping defined by 
F: D A x’ --f 2x’, x-s-‘F(x)nX 
is a generalized KKM mapping on H-space (xl, {r, n xj n X’ } ); 
(ii) for every x E D, F(x) is compactly closed in C 
(iii) there exists an H-compact set L c X and a compact set KC Y 
such that for every weakly H-convex set X0 with L c X0 c X the following 
holds: 
Then nxeD F(x) Z 0. 
ProoJ: It is sufficient to prove that n,, D (F(x) n K) # a. By condi- 
tion (ii), F(x) n K is closed in the compact set K. Hence it suffices to prove 
that for any finite set A c D, nxoA (F(x) n K) # 0. 
Let A c D be any given finite set and X0 2 LuA a compact weakly 
H-convex set. By condition (iii) we have 
Hence we have 
xcA V’(x) n K) = JDnnxo (f’(x)nKb xE-jxo UWnGN 
33s n (s-lF(x)n X0) = 
xeDnX0 
) s( n 
xcDnXo 
Therefore in order to prove the desired conclusion, it suffices to prove that 
n rEDn*omZO. 
By condition (i), F: D n X,, + 2xo is a generalized KKM mapping. It 
follows from condition (ii) and the compactness of s(X,,) that for any 
xEDnX,, F(x) is compact. By virtue of Theorem 1, we have 
n x E D n x,, F(x) # Q5. This completes the proof. 
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Remark 3. We would like to point out that if F: D--f 2’ is an 
H-KKM mapping, then it must satisfy the condition (i) of Theorem 3. 
(In fact, F: D n X’ -+ 2x’ is also an H-KKM mapping on H-space 
(x’, ir/lnx n x’ I).) Hence Theorem 3 generalizes [ 1, Theorem 1 ] and 
Park [15, Theorem 31 and it even more contains Lassonde [14, 
Theorem I] and Fan [7, Theorem 41 as its special cases. 
Theorem 3 can be restated as follows: 
COROLLARY 2. Let D be a nonempty subset of an H-space (X, {IA }), Y 
a topological space, h4 c Xx Y, s E 97(X, Y). If the following conditions are 
satisfied: 
(i) for each weakly H-convex set X’ c X, if D n X’ # @, then for any 
finite set {x1, . . . . x,,) c D n x’, there exists (y,, . . . . ypl} c X’ such that for 
any subset { y,,, . . . . yik>= {Al,.-, Y,) andxcri, ,,,..., y,k~nX’y 
(x~,s(x))EM forsomej(1 fj<k); 
(ii) for each XE D, the set ( y E Y : (x, y) E M} is compactly closed 
in Y. 
Then for any H-compact set L c X, either there exists an y, E Y such that 
(x7 Y,)EM for each x E D; 
or for any compact set KC Y, there exist a weakly H-convex set X0 2 L and 
an xof X0 such that y,=s(x,)~ Y\K and 
(x, y2)eM foreach xEDnX,. 
Proof: Letting F(x) = ( y E Y : (x, y) E M), then F: D + 2’ satisfies 
conditions (i), and (ii) of Theorem 2, therefore either the conclusion of 
Theorem 2 holds or the condition (iii) of Theorem 2 does not hold. This 
completes the proof, 
By virtue of Theorem l(ii) we are now in a position to give the following 
theorem whose corollary generalizes the matching theorem for closed 
covering of [15]. 
THEOREM 4. Let D be a nonempty subset of a H-space (X, {IA 1 ), Y a 
topological space, and F: D + 2’ and s E %‘(X, Y) satisfy the following condi- 
tions: 
(i) for each XE D, F(x) is compactly open in Y; 
(ii) I?x~Dtis-’ F(x) is a generalized KKA4 mapping. 
Then the family {F(x): x E D} of sets has the finite intersection property. 
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ProofI Since F: D -+ 2x is a generalized KKM mapping with compactly 
open-valued, by Theorem 1, for any finite subset A c D we have 
and so heA F(x) # 121. This completes the proof. 
COROLLARY 3. Let (X, { rA } ) be an H-space, Y a topological space, and 
sc%(X, Y). Lef C,, . . . . C, be n compactly closed subsets of Y satisfying 
Then for any n points x,, . . . . x, of X (not necessarily distinct), there exists 
a subset {xi,, . . . . xg > t {x1, . . . . x,) such that 
W{x,, % .*.. x* 1) n n k C,#fzI. 
j=l 
ProoJ Suppose that the conclusion is false. Then there exists 
ix 1, ..., x,} cX such that for any nonempty subset {xi,, . . . . xi,} c 
{X , , ..., x, } we have 
W{x,,, . . . . $1 )n h q/=0. 
j=l 
Consequently, 
SW{ XI ,‘..., r ,}) = y \ 6 c, = ii (Y\C,). j=l j=l 
Letting D = {x1, . . . . x,> and F(xi) = Y\Ci, then F: D + 2’ satisfies all 
conditions of Theorem 4. Hence we have 
0 # f) F(Xi) = Y G Ci. 
i=I \ i=l 
This contradicts u;= 1 Ci = Y. The proof is complete. 
3. MINIMAX INEQUALITIES AND COINCIDENCE THEOREMS 
As applications, in this section we shall use the results presented in 
Section 2 to establish an abstract version of Ky Fan’s minimax inequality. 
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THEOREM 5. Let (X, { fA )) b e an H-space, Y a topological space, (E, C) 
a topological Riesz space, where C is a closed cone with C # 0 (C denotes 
the interior of C). Let a, p E E be two given points and,f, g: Xx X -+ E satisfy 
the ,foflowing conditions: 
(i) For every ye Y, the set {xe X : f(x, y) E GI + C} is H-convex 
relative to the set 1.x E X : g(x, y) E /? + Cl; 
(ii) For each x E X, the set { y E Y : g(x, y) E p + C f is compactly 
open; 
(iii) There exist an H-compact set L c X and a compact set Kc Y 
such that 
M={yEY:g(x,y)$fl+C,VxEL)cK. 
Then one of the following conclusions holds: 
(1) There exists an j E A4 such that 
&> J? B P + e: vx E x; 
(2) For any s E %‘( X, Y) there exists an X E X such that 
f(% s(X)) E a + C. 
Proof: For x E X let 
U(x)= {ye Y: g(x, y)Ep+e}, 
V(x)= {ye Y:f(x, y)Ea+C}. 
Suppose that the conclusion (1) is false. Then for any y E M, there exists an 
x E X such that 
dx, ykP+C i.e., J’ E U(x), 
and so Mc (JxEX U(x). However, since 
&If= n {YE y: g(x, y)$!P+Q= (-) (Y\U(x))= Y u U(x), 
1: E L x E L \ x E L< 
this implies that NL. u(x) c Lx W). Hence we have 
U.XEX U(x) = Y. Consequently 
(1”) by condition (ii), for each x E X, U(x) is compactly open in Y; 
(2”) U(X) = Y; 
(3”) by condition (iii), there exist an H-compact set L c X and a 
compact set KC Y such that 
Y\U(L) = Mc K. 
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By virtue of Corollary 1, for any SE%?‘(X, Y) there exist a nonempty finite 
subset (x1, . . . . x,}cXandanier ix,. _.., .+I such that 
S(X)E fj U(q). 
i=l 
Hence we have 
xi E u- l(s(i)), i = 1, . ..) n, 
i.e., 
Ix 1) . ..) x,} c u- l(s(.q). 
Moreover by condition (i) we have 
Hence s(Z)E V(Z), i.e., f(.?, S(X))ECI + c. Therefore the conclusion (2) is 
true. 
This completes the proof. 
THEOREM 6. Let (X, {r, } ) b e an H-space, Y a topological space, E a 
Riesz space a, B E E two given elements, andf, g: XX Y --, E. If the following 
conditions are satisfied: 
(i) for any y E Y, the set {x E X : f(x, y) 6 a} is H-convex reZative the 
set {xEX: g(x, Y) 4Z P); 
(ii) for each x E X, the set {ye Y: g(x, y) d /?} is compactly closed; 
(iii) there exist an H-compact set L c X and a compact set KC Y such 
that 
M= {YE Y: g(x, y)<:B, VXEL} cK, 
then one of the following conclusions holds: 
(1) there exists an j E M such that 
&7(X> Y) 6 BY VXEX; 
(2) for any s E W(X, Y), there exists an 2 E X such that 
fk 49) ?G a. 
In addition, IJ- the following condition is satisfied: 
(iv) E is order complete and there exists some SEW(X, Y) such that 
a=B=swf(x,s(x)), xcx 
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if the infimum of the mapping y w supxE x g(x, y) exists on M, then we have 
inf sup g(x, y) d sup f(x, s(x)). 
v E M .Y E X x E x 
Proof: For any x E X let 
U(x)= (YE y : g(x, Y) E B}; 
V(x)= (YE Y:f(x, Y) < a>. 
Suppose that the conclusion (1) is false. Then imitating the proof of 
Theorem 5 we can prove that the conclusion (2) holds. 
Moreover, if condition (iv) is satisfied, then it is obvious that the conclu- 
sion (2) does not hold. Therefore there exists an j E A4 such that 
g(x, 9) G B = sup f(x, s(x)), VXEX. 
x l x 
Since E is order complete, it follows from the preceding inequality that 
SUP,,~ g(x, j) exists and 
If inf,., wx E x gb, Y 1 exists, then it is obvious that it 
GsuPXEXf(x1 s(x)). 
This completes the proof. 
Remark 4. Theorem 5 and Theorem 6 contain [l, Theorem 31, [l, 
Theorem 4 and Corollary 11, respectively; Yen [ 19, Theorem l] and Shih 
and Tan [ 17, Theorem 31 are even more special cases of Theorem 6. 
Moreover, in Bardaro and Ceppitelli [2, Theorem 23 if we take 
and 
a=p=O,s=Z,, 
then by [2, Propositions 1, 7, 81 it is easy to know that under the condi- 
tions of [2, Theorem 21, fi, g, satisfy all conditions of Theorem 6. This 
shows that Theorem 6 is also a generalization of [2, Theorem 21. 
In the sequel, we shall give some coincidence theorems. 
THEOREM 7. Let D be a nonempty subset of an H-space (X, {r, )), Y a 
topological space. Let s E %(X, Y) and U, V: D + 2’ satisfy the following 
conditions: 
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(i) For each x E D, U(x) is compactly open in Y; 
(ii) For each XEX, V-‘(s(x)) is H-convex relative to U-‘(s(x)); 
(iii) There exist an H-compact set LC X and a compact set Kc Y 
such that 
u-‘(Y) + 0, Vy E s(X) n K, 
and for each finite set A c D, when x E L,\s-‘(K) (where L, is a compact 
weakly H-convex set with L u A c LA) we have 
U-‘(s(x))nL,nD#fZI. 
Then there exists an X E D such that s(X) E V(X). 
Proof Since for each y ES(X) n K, U-‘(y) # fa, this implies that 
dJ--) n Kc UxeD U(x). Since s(X) n K is compact, there exists a finite set 
Al c D such that 
s(X)n Kc u U(x). 
XEA, 
On the other hand, since L is an H-compact set, there exists a weakly 
H-convex set L,, such that LA, 2 L u A,. 
Now we prove that L,, has the property 
L A, cs-‘U(L,, n D). 
In fact, for any x E LA], if x E s -l(K), and so s(x) E K, Hence we have 
S(X) E W 1) c UCLA, n D), i.e., xEs-‘U(L,,nD). 
If x$ s-‘(K), by condition (iii), we have U-‘(s(x)) n LA, n D # $3, and so 
S(X)E U(L,, nD), i.e., XES-‘U(L,,nD). 
Summing up the proof as stated above we have LA, c s- ‘U(LALn D). 
Letting U(x) = s-‘U(x) n LA,, we know that the mapping U: LA, n 
D + 2LA~ on compact H-space (LA,, {r, n LA, n LA,}) satisfies the following 
conditions: 
(i) D(x) is an open set; 
(ii) O(LA, n D)= L,,. 
By Theorem 2, there exist a nonempty finite subset {xi, . . . . x,} c LA, n D 
and an X E TIXl, ,_,, X,> n LA, such that 
XE f) 8(x&z f) s-9(x,). 
i= 1 i=l 
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This means that 
s(X) G U(x,) or XiE u-‘(s(X)), i= 1,2, . . . . n. 
By condition (ii) we have 
xer (x,. . . . . xn} = v- ‘(s(3), 
and so s(X) E V(X). This completes the proof, 
COROLLARY 4. Let D he a nonempty subset of an H-space (X, ( rA } ), Y 
a topological space, and U, V. D + 2’ satisfy the ,following conditions: 
(i) For each x E D, U(x) is compactly open in Y; 
(ii) For each ye Y, V-‘(y) is H-convex relative to U-‘(y); 
(iii) U(D) = Y, 
(iv) There exist an H-compact set L c X and a compact Kc Y such 
that for any finite subset A c D 
Y\Kc U(L, n D), 
where L, is a compact weakly H-convex set containing L u A. 
Then for each s E W(X, Y), there exists an .% E D such that s(X) E V(Z). 
Proof: If XE LA\s-l(K) then s(x)+ K. By condition (iv), S(X)E 
U(L, n D), and so U-‘(s(x)) n L, n D # @. It is obvious that the rest of 
the conditions of Theorem 7 are satisfied. This completes the proof. 
Remark 5. As we have noted, Corollary 4 contains the generalized 
Fan-Browder fixed point theorem, i.e., [ 15, Theorem 61 as a special 
case. Therefore Theorem 7 unifies and strengthens Takahashi [ 18, 
Theorem 2.51, Lassonde [ 14, Theorem 1.11, Ben-El-Mechaiekh, Deguire, 
and Granas [ 3, Theorem 11, Simons [ 16, Theorem 4.31, Ko and Tan [ 13, 
Theorem 3.11, Park [15, Theorem 61, and others. 
THEOREM 8. Let D be a nonempty subset of an H-space (X, {r, )), Y a 
topological space, and s E %(X, Y), U, V: D -+ 2 ’ satisfy the following condi- 
tions: 
(i) for each XE D, U(x) is compactly closed in Y, 
(ii) ,for each x E X, V-‘(s(x)) is H-convex relative to U ‘(s(x)); 
(iii) there exists a finite set A, c D such that u-UEA, U(x) = Y. 
Then there exists an XC D such that s(X)E V(%). 
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Proof: By conditions (i), (iii), and Corollary 3, there exists a subset 
A c A, such that 
Hence there exists an ZE rA such that A c iJ-‘(s(Z)). By condition (ii), 
X E fA c V-‘(s(S)), and so we have s(X) E V(X). This completes the proof. 
COROLLARY 5. Let (X, iTA}) b e an H-space, Y a topological space. Let 
s E %?( X, Y) and P, Q: Y + 2 ’ satisfy the following conditions: 
(i) for each XE X, P-‘(x) is compactly closed in Y, 
(ii) for each x E X, Q(s(x)) is H-convex relative to P(s(x)); 
(iii) there exists afinite subset A, c X such that P-‘(A,) = Y. 
Then there exists an X E X such that X E Q(s(X)). 
ProoJ Let U(x) = P-‘(x), and V(x) = Q-‘(x). Then U and V satisfy 
all conditions of Theorem 8. Then the conclusion of Corollary 5 follows 
from Theorem 8 immediately. 
Theorem 8 and Corollary 5 extend [ 15, Theorem 91 and its con- 
trapositive form to H-space. Especially, Theorem 8 contains Kim [ll, 
Theorem 3; 12, Theorem 41 as its special cases. 
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